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ON PSL(2,C) AND ON THE SPACE OF GEODESICS OF H3 AS
RIEMANNIAN HOLOMORPHIC MANIFOLDS
CHRISTIAN EL EMAM
Abstract. We discuss some geometric aspects of P SL(2,C), SL(2,C), and the space G
of the geodesics ofH3 equipped with some suitable structures of Riemannian holomorphic
manifolds of constant sectional curvature. We also observe that G is a symmetric space
for the group P SL(2,C) and use it to deduce some correlations between their holomorphic
Riemannian metrics.
Introduction
We examine some features of PSL(2,C) and G, the space of geodesics of H3, equipped
with some natural holomorphic Riemannian structures. The main reference for this paper
is [1].
Holomorphic Riemannian metrics can be seen as the analogue of Riemannian metrics
in the setting of complex manifolds and have been widely studied (e.g. see the works by
LeBrun, Dumitrescu, Zeghib, Biswas as in [2], [3], [5], [6]).
We will recall the definition and some basic aspects of Holomorphic Remannian Geometry
in Section 1. In Section 2 we study PSL(2,C) and SL(2,C) equipped with their global
Killing form as complex Lie groups, which is in fact a holomorphic Riemannian metric,
while in Section 3 we introduce a holomorphic Riemannian structure on G over which the
natural action of PSL(2,C) is by isometries.
In Section 4 we remark that both SL(2,C) and G can be seen as holomorphic Riemannian
space forms, respectively in dimension three and two, and discuss some general topics of
existence and uniqueness of holomorphic Riemannian space forms.
Finally, in Section 5 we regard H3 and G as PSL(2,C)-symmetric spaces and show that
this approach allows to find some correlations among their metrics.
1. Holomorphic Riemannian metrics
Let us start by recalling the notion of holomorphic Riemannian metric and some general-
ities.
Let M be a complex analytic manifold with complex structure J, let n = dimCM and
denote with TM→M its tangent bundle.
Definition 1.1. A holomorphic Riemannian metric (also hRm) on M is a symmetric (0, 2)-
tensor 〈·, ·〉 on TM→M, i.e. a section of Sym2(T ∗M), such that:
• 〈·, ·〉 is C-bilinear, i.e. for all X,Y ∈ Γ(TM) we have 〈JX,Y 〉 = 〈X,JY 〉 = i〈X,Y 〉;
• for all p ∈ M, 〈·, ·〉p is a non-degenerate complex bilinear form;
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• for all X,Y local holomorphic vector fields, 〈X,Y 〉 is a holomorphic function.
Also denote ‖X‖2 := 〈X,X〉.
A holomorphic Riemannian manifold is a complex manifold equipped with a holomorphic
Riemannian metric.
In a sense, holomorphic Riemannian metrics naturally generalize the notions of Riemann-
ian and pseudo-Riemannian metric in the complex setting.
Observe that both the real part Re〈·, ·〉 and the imaginary part Im〈·, ·〉 of a hRm 〈·, ·〉
are pseudo-Riemannian metrics on M with signature (n, n).
Example 1. The simplest example of hRm is given by Cn equipped with the standard
symmetric inner product for vectors: namely, in the usual identification TCn = Cn × Cn,
〈v, w〉Cn =
n∑
i=1
viwi.
Example 2. Consider the complex submanifold
Xn = {z ∈ C
n+1 |
∑
i
z2i = −1} ⊂ C
n+1.
The restriction to Xn of the metric 〈·, ·〉0 of C
n+1 defines a holomorphic Riemannian
metric. Indeed,
TwXn = w
⊥ = {z ∈ Cn+1 | 〈w, z〉Cn+1 = 0}
and the restriction of the inner product to w⊥ is non degenerate since < w,w >Cn+1 6= 0;
moreover, since Xn ⊂ C
n+1 is a complex submanifold, local holomorphic vector fields on
Xn extend to local holomorphic vector fields on C
n+1, proving that the inherited metric is
in fact holomorphic.
Example 3. Let G be a complex semisimple Lie group with unit e.
Consider on TeG ∼= Lie(G) the Killing form Kill : TeG×TeG→ C, defined asKill(u, v) :=
tr(ad(u) ◦ ad(v)).
By standard Lie Theory, the Killing form is C-bilinear and symmetric; Kill is also Ad-
invariant, i.e. for all g ∈ G
Kill(Ad(g)·, Ad(g)·) = Kill
, and ad-invariant, i.e. for all V ∈ Lie(G)
Kill(ad(V )·, ·) +Kill(·, ad(V )·) = 0.
Furthermore, being G semisimple, Kill is non degenerate.
For all g ∈ G one can push-forward Kill via Lg to define a non degenerate C-bilinear
form on TgG, namely
Killg(U, V ) :=
(
(Lg)∗Kill
)
(U, V ) = Kill
((
dg(L
−1
g )
)
(U),
(
dg(L
−1
g )
)
(V )
)
for all U, V ∈ TgG. By Ad-invariance, the analogous bilinear form (Rg)∗Kill is such that
(Rg)∗Kill = (Lg)∗Kill.
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This defines globally a nowhere-degenerate section Kill• ∈ Γ
(
Sym2(T ∗G)
)
such that,
for all X,Y left-invariant vector fields, hence holomorphic vector fields (e.g. see [7] §1),
Kill•(X,Y ) is constant, hence a holomorphic function. Since any other holomorphic vector
field can be seen as a combination of left-invariant vector fields with holomorphic coefficients,
we conclude that Kill• is a holomorphic Riemannian metric.
Drawing inspiration from (Pseudo-)Riemannian Geometry, one can define some construc-
tions associated to a holomorphic Riemannian metric, such as a Levi-Civita connection -
leading to notions of a curvature tensor, (complex) geodesics and completeness - and sec-
tional curvatures. We recall some generalities, the reader may refer to [6] for a more detailed
treatment.
Proposition 1.2. Given a holomorphic Riemannian metric 〈·, ·〉 onM, there exists a unique
connection
D : Γ(TM)→ Γ(HomR(TM, TM))
Y 7→ DY ( : X 7→ DXY ),
that we will call Levi-Civita connection, such that for all X,Y ∈ Γ(TM) the following
conditions hold:
d〈X,Y 〉 = 〈DX,Y 〉+ 〈X,DY 〉 (D is compatible with the metric); (1)
[X,Y ] = DXY −DYX (D is torsion free). (2)
Such connection coincides with the Levi-Civita connections of Re〈·, ·〉 and Im〈·, ·〉 and DJ =
0.
Proof. The proof is definitely analogous to the one in the Riemannian setting. See [6].
Explicitly the Levi-Civita connection is defined by
〈DXY, Z〉 =
1
2
(
X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X,Y 〉+
+〈[X,Y ], Z〉 − 〈[Y, Z], X〉+ 〈[Z,X ], Y 〉
)
.
(3)

Definition 1.3. Given a holomorphic Riemannian metric 〈·, ·〉 and its Levi-Civita connec-
tion D on TM, define the (1, 3)-type curvature tensor as
R(X,Y )Z = DXDY Z −DYDXZ −D[X,Y ]Z
and the corresponding (0, 4)-type curvature tensor (that we will still denote with R) as
R(X,Y, Z, T ) = −〈R(X,Y, Z), T 〉.
Remark 1.4. Since D is the Levi-Civita connection for Re〈·, ·〉 and for Im〈·, ·〉, it is easy to
check that all of the standard symmetries of curvature tensors for (the Levi-Civita connec-
tions of) pseudo-Riemannian metrics hold for (the Levi-Civita connections of) holomorphic
3
Riemannian metrics, too. So, for instance,
R(X,Y, Z, T ) = −R(X,Y, T, Z) = R(Z, T,X, Y ) = −R(Z, T, Y,X).
Since the (0, 4)-type R is obviously C-linear on the last component, we conclude that R is
C-multilinear.
Definition 1.5. A non-degenerate plane of TpM is a complex vector subspace V < TpM
with dimCV = 2 and such that 〈·, ·〉|V is a non degenerate bilinear form.
Given a hRm 〈·, ·〉 with curvature R, we define the complex sectional curvature of a
nondegenerate complex plane V = SpanC(V,W ) as
K(SpanC(V,W )) =
〈R(V,W )W,V 〉
‖V ‖2‖W‖2 − 〈V,W 〉2
. (4)
This definition of K(SpanC(V,W )) is well-posed because 〈·, ·〉|V is non-degenerate and R is
C-multilinear.
2. The holomorphic Riemannian manifold (PSL(2,C), 18Kill)
The complex projective special linear group
PSL(2,C) = {A ∈Mat(2,C) | det(A) = 1}upslope{±I2}
has a natural structure of complex semisimple Lie group with Lie algebra
sl(2,C) = {M ∈Mat(2,C) | tr(M) = 0} = TI2PSL(2,C).
The complex Killing form of sl(2,C) is given by
Kill(M,N) = 4tr(M ·N)
and is in fact a symmetric, non-degenerate, C-bilinear form.
As in Example 3, by pushing forward the Killing form via translations, one gets a global
holomorphic Riemannian metric. As a matter of convenience we rescale it and define 〈·, ·〉 =
〈·, ·〉PSL(2,C) ∈ Γ(Sym2(T
∗PSL(2,C))) as
〈·, ·〉A :=
1
8
(LA)∗Kill =
1
8
(RA)∗Kill.
The projection SL(2,C) → PSL(2,C) is a holomorphic 2-sheeted covering, in fact a
universal covering, and a homomorphism of Lie groups. As a result, the pull-back metric
on SL(2,C), that we will denote by 〈·, ·〉SL(2,C) or again simply by 〈·, ·〉, is a holomorphic
Riemannian metric and coincides with the global Killing form on SL(2,C) up to a factor.
Remark 2.1. By construction of 〈·, ·〉PSL(2,C), PSL(2,C)× PSL(2,C) acts by isometries
on PSL(2,C) through
PSL(2,C)× PSL(2,C)→ Isom(PSL(2,C))
(A,B) · C := A C B−1.
(5)
Since the center of PSL(2,C) is trivial, the action is faithful, hence the map (5) is injective.
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In fact, one has
PSL(2,C)× PSL(2,C) ∼= Isom0(PSL(2,C), 〈·, ·〉).
In order to prove it, it is enough to show that the two Lie groups have the same dimension,
namely, by injectivity of (5), that dim
(
Isom0(PSL(2,C), 〈·, ·〉)
)
≥ 6.
Since every isometry is an isomorphism for the Levi-Civita connection, for any A ∈
PSL(2,C) and ϕ ∈ Isom(PSL(2,C)) one has that ϕ◦expA = expϕ(A) ◦ϕ, hence, PSL(2,C)
being connected, the differential map at one point characterizes the isometry: as a result,
denoting Stab(I2) = {ϕ ∈ Isom(PSL(2,C)) | ϕ(I2) = I2}, the map
Stab(I2)→ Isom(TI2PSL(2,C))
∼= O(3,C)
ϕ 7→ dI2ϕ
is injective. In conclusion,
dimC(Isom(PSL(2,C))) ≤ dimC(O(3,C)) + dimC(PSL(2,C)) = 6.
As a result, dimCIsom(PSL(2,C)) = 6 and the proof follows.
In a similar way one gets that
Isom0(SL(2,C), 〈·, ·〉SL(2,C)) ∼=
SL(2,C)× SL(2,C)upslope{±(I2, I2)}
Proposition 2.2. Let D be the Levi-Civita connection for 〈·, ·〉 = 〈·, ·〉PSL(2,C) and R the
associated curvature tensor.
(1) If X ,Y are left-invariant vector fields, then DXY =
1
2 [X,Y ].
(2) For all V1V2, V3 ∈ sl(2,C), R(V1, V2)V3 = −
1
4 [[V1, V2], V3].
(3) For all V1, V2 ∈ sl(2,C), ‖[V1, V2]‖
2 = −4‖V1‖
2‖V2‖
2 + 4〈V1, V2〉
2.
(4) PSL(2,C) and SL(2,C) have constant sectional curvature −1.
Proof. (1) Let X,Y, Z be left-invariant vector fields for PSL(2,C). Then 〈X,Y 〉, 〈Y, Z〉
and 〈X,Z〉 are constant functions and 〈[Z, Y ], X〉+ 〈[Z,X ], Y 〉 = 0 since the Killing
form is ad-invariant. In conclusion, by the explicit expression (3), we get that
DXY =
1
2
[X,Y ]
for allX,Y left-invariant vector fields. An analogous statement holds for the complex
global Killing form of any semi-simple complex Lie group.
(2) Let X,Y, Z be left-invariant vector fields and let X0, Y0, Z0 ∈ sl(2,C) be their value
at I2 respectively. Then,
R(X0, Y0)Z0 :=(DXDY Z −DYDXZ −D[X,Y ]Z)|I2 =
=
1
4
(
[X, [Y, Z]]− [Y, [X,Z]]
)
|I2
−
1
2
[[X,Y ], Z]|I2
=
1
4
(
[X, [Y, Z]] + [Y, [Z,X ]] + [Z, [X,Y ]]
)
|I2
−
1
4
[[X,Y ], Z]|I2 =
=−
1
4
[[X0, Y0], Z0]
where the last Lie bracket is the Lie bracket of sl(2,C).
5
(3) The expression is C-bilinear on V and V2, so it suffices to show that it holds for or-
thonormal V1 and V2. By Remark 2.1, the main connected component of the isome-
tries of PSL(2,C) that fix I2 is isomorphic to SO(3,C), so Stab(I2) acts transitively
on (unordered) couples of orthonormal vectors of (sl(2,C), 〈·, ·〉): as a result, one
can check the equation on a particular couple of orthonormal vectors of PSL(2,C):∥∥∥∥
(
1 0
0 −1
)∥∥∥∥
2
=
∥∥∥∥
(
0 1
1 0
)∥∥∥∥
2
= 1
and [(
1 0
0 −1
)
,
(
0 1
1 0
)]
=
(
0 2
−2 0
)
which has squared norm −4.
(4) Let V1, V2 ∈ sl(2,C) be orthonormal with respect to 〈·, ·〉. Using the previous steps
and that the Killing form is ad-invariant, one has
K(Span(V1, V2)) =
1
4
〈[[V1, V2], V1], V2〉 = +
1
4
〈[V1, V2], [V1, V2]〉 = −1.
The proof follows by homogeneity of 〈·, ·〉PSL(2,C) and 〈·, ·〉SL(2,C)

3. The space G of the geodesics of H3
Let ∂Hn denote the visual boundary at infinity of Hn. For n = 3, ∂H3 ∼= S2 has a natural
complex structure for which the trace at infinity of any element in Isom0(PSL(2,C)) is a
biholomorphism of the boundary: for H3 in the half-space model, ∂H3 is biholomorphic
to C, and the canonical identification PSL(2,C) ∼= Isom0(H
3) induces an isomorphism at
infinity PSL(2,C) ∼= Bihol(C) defined by Möbius transformations. We will equivalently see
∂H3 as C, S2 or CP1 with the standard complex structures.
Define an oriented (resp unoriented) line of H3 as a non-constant, maximal, oriented
(resp. unoriented), non-parametrized geodesic of H3. Each oriented line of H3 is uniquely
identified by the ordered pair of its endpoints at infinity, namely a ordered pair of distinct
points in ∂H3. Hence, define
G = {oriented lines of H3} = ∂H3 × ∂H3 \∆.
With a little abuse, we will often refer to G as the set of geodesics of H3.
The set G inherits a structure of complex manifold from ∂H3. Moreover, the action of
PSL(2,C) on H3 clearly induces an action on G: as a matter of fact, it is the diagonal
action on ∂H3, namely
PSL(2,C)×G→ G
A · (z1, z2) = (Az1, Az2),
(6)
which is clearly an action by biholomorphisms.
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Proposition 3.1. There exists a unique holomorphic Riemannian metric 〈·, ·〉G on G with
constant curvature −1 and with the property of being PSL(2,C)-invariant, more precisely
Isom0(G, 〈·, ·〉G) ∼= PSL(2,C).
Explicitly, if (U, z) is an affine chart for CP1, 〈·, ·〉G is described in the coordinate chart
(U × U \∆, z × z) as
〈·, ·〉G = −
4
(z1 − z2)2
dz1dz2.
Proof. See [1]§2. 
An interesting isometric immersion of G in PSL(2,C). There exists a very intuitive
isometric immersion of G into PSL(2,C).
Consider the complex manifold
Q = PSL(2,C) ∩ P(sl(2,C)) = {M ∈ PMat(2,C) | tr(M) = 0, det(M) = 1} ⊂
⊂ P(Mat(2,C)) ∼= CP3.
(7)
It is not difficult to remark that
Q = {M ∈ PSL(2,C) | M2 = I2 and M 6= I2}
via a straighforward computation.
Hence, in the identification PSL(2,C) ∼= Isom0(PSL(2,C)), Q corresponds to orientation-
preserving isometries of H3 of order 2, namely rotations of angle pi around an unoriented
line of H3.
As a result, one can define a map
Rotpi : G→ Q
that sends γ ∈ G into the rotation of angle pi around γ: Rotpi is clearly a 2-sheeted covering
map. An explicit computation shows that Rotpi is holomorphic and a local isometry between
the hRm on G and the hRm induced on Q as a complex submanifold of PSL(2,C) (also see
[1]§2).
4. G and PSL(2,C) as holomorphic Riemannian space forms
We say that a holomorphic Riemannian manifold (M, 〈·, ·〉) is a holomorphic Riemannian
space form if it has constant sectional curvature, is simply-connected and its Levi-Civita
connection is geodesically complete.
Similarly as in the Riemannian case, we have a result about existence and uniqueness of
space forms.
Theorem 4.1. For all n ∈ Z+, n ≥ 2, and k ∈ C, there exists exactly one holomorphic
Riemannian space form of dimension n with constant sectional curvature k up to isometry,
namely:
• (Cn, 〈·, ·〉0), as in Example 1, for k = 0;
• (Xn,−
1
k
〈·, ·〉), with 〈·, ·〉 as in Example 2, for k ∈ C∗.
Proof. See [1]§2. 
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As a matter of fact, (X3, 〈·, ·〉) ∼= (SL(2,C), 〈·, ·〉) and (X2, 〈·, ·〉) ∼= (G, 〈·, ·〉). One may
explicitly check that SL(2,C) and G are geodesically complete and deduce the existence
of the isometries by Theorem 4.1, but let us show that one can actually see the isometries
directly.
• Consider on Mat(2,C) the non-degenerate quadratic form given by M 7→ −det(M),
which corresponds to the complex bilinear form
〈M,N〉Mat2 =
1
2
(
tr(M ·N)− tr(M) · tr(N)
)
.
In the identification TMat(2,C) = Mat(2,C) ×Mat(2,C), this complex bilinear
form induces a holomorphic Riemannian metric on Mat(2,C). Observe that the
action of SL(2,C) × SL(2,C) on Mat(2,C) given by (A,B) ·M := AMB−1 is by
isometries, because it preserves the quadratic form.
Since all the non-degenerate complex bilinear forms on complex vector spaces of
the same dimension are isomorphic, there exists a linear isomorphism F : (C4, 〈·, ·〉C4)→
(Mat(2,C), 〈·, ·〉Mat2 ), which is of course an isometry of holomorphic Riemannian
manifolds: such isometry F restricts to an isometry between X3 and SL(2,C) and
the restriction of 〈·, ·〉Mat2 to TI2SL(2,C) = sl(2,C) coincides by construction with
1
8Kill. By invariance of 〈·, ·〉Mat2 under the action of SL(2,C)× SL(2,C), we con-
clude that the induced metric on SL(2,C) coincides with the one defined previously.
• By choosing explicitly F as
F : C4 →Mat(2,C)
(z1, z2, z3, z4) 7→
(
−z1 − iz4 −z2 − iz3
−z2 + iz3 z1 − iz4
)
,
(8)
one can straightforwardly see that the image via F of {(z1, z2, z3, 0) |
∑
k z
2
k = −1}
∼=
X2 is SL(2,C) ∩ sl(2,C).
Recalling the definition Q = PSL(2,C)∩P(sl(2,C)), we have that both the pro-
jection SL(2,C)∩ sl(2,C)→ Q and Rotpi : G→ Q are isometric universal coverings
for Q, hence X2 ∼= G.
5. H3 and G as symmetric spaces of PSL(2,C)
As we remarked previously, Isom0(H
3) ∼= Isom0(G) ∼= PSL(2,C).
In fact, both H3 and G can be seen as symmetric spaces (in the sense of affine spaces)
associated to PSL(2,C):
a) H3 ∼= PSL(2,C)upslopeSU(2), where the symmetry at 0 ∈ H
3 ⊂ R3 in the disk model is
given by the map x 7→ −x;
b) G = PSL(2,C)upslopeSO(2,C), where the symmetry at a geodesic γ ∈ G is given by the
rotation of angle pi around γ, which is indeed an element of Isom0(G).
For a complete survey on symmetric spaces see [4].
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Our aim in this section is to show that the metrics on H3 and G are in fact related to
the hRm on PSL(2,C) through their structures of symmetric spaces.
Fix x1 ∈ H
3 and x2 ∈ G and, as a matter of convenience, denote X1 := H
3 and X2 := G.
For k = 1, 2, define the evaluation map related to (Xk, xk) as
βk : PSL(2,C)→ Xk
A 7→ A · xk.
(9)
The two marked symmetric spaces (X1, x1) and (X2, x2) induce two Cartan decomposi-
tions of the Lie algebra sl(2,C), namely
for (X1, x1): sl(2,C) = u(2)⊕ iu(2) =: h1 ⊕m1;
for (X2, x2): sl(2,C) = o(2,C)⊕ (Sym(2,C) ∩ sl(2,C)) =: h2 ⊕m2.
(10)
We recall the following facts (see [4] §X-XI):
• hi = Lie(Stab(xi)), and the Ad action of Stab(xi) on sl(2,C) globally fixes mi;
• [hi,mi] ⊂ mi and [mi,mi] ⊂ hi;
• the map
dI2βi : mi → TxiXi
is a linear isomorphism. Let us denote dI2βi(V ) =: Vxi for all V ∈ mi;
• For all A ∈ PSL(2,C), one has
βi ◦ LA = A ◦ βi. (11)
As a corollary, for all M ∈ Stab(xi),
dI2βi ◦Ad(A) = dxiA ◦ dI2βi. (12)
• For all U, V,W ∈ mi,
RXi(Uxi , Vxi)Wxi = −[[U, V ],W ] (13)
where RXi is the curvature tensor of Xi.
Define on TPSL(2,C) the distribution (Di)(A) := (LA)∗mi < TAPSL(2,C).
Proposition 5.1. For both i = 1, 2, the restriction to Di of the differential of βi is a linear
isometry at each A ∈ PSL(2,C) up to a constant. Namely, for all A ∈ PSL(2,C),
dAβi : (Di(A), 4〈·, ·〉)
∼
−→ TA·xiXi.
Proof. Both the Riemannian metric of H3 and the hRm of G are uniquely determined by
being PSL(2,C)-invariant metrics (Riemannian and holomophic Riemannian resp.) with
constant sectional curvature −1. It is therefore enough to show that push-forward bilinear
forms (βi|Di)∗(〈·, ·〉) define two well-posed, PSL(2,C)-invariant metrics of constant sectional
curvature −4.
By standard Lie theory, Killsl(2,C)|u(2) = Kill
u(2) which is a real negative-definite bilinear
form being U(2) compact and semisimple. By C-bilinearity of 〈·, ·〉 = 18Kill
sl(2,C), 〈·, ·〉|iu(2)
is real and positive-definite.
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On the other hand, 〈·, ·〉|mi is a non-degenerate C-bilinear form with orthonormal basis((
0 1
1 0
)
,
(
0 −i
i 0
))
.
As we mentioned, consider on each Xi the metric gi defined so that for all A ∈ PSL(2,C)
and for all V,W ∈ mi
(gi)A·xi
(
(dxiA)(Vxi ), (dxiA)(Wxi )
)
:= 〈V,W 〉sl(2,C).
• The definition of (gi) is well-posed. Indeed, if A ·xi = B ·xi, (dxiA)Vxi = (dxiB)V
′
xi
and (dxiA)Wxi = (dxiB)W
′
xi
, then using that 〈·, ·〉 is Ad-invariant and equation (12)
one has
(gi)A·xi((dxiA)Vxi , (dxiA)Wxi) :=gxi(Vxi ,Wxi) =
=gxi
((
dxi(A
−1B)
)
V ′xi ,
(
dxi(A
−1B)
)
W ′xi
)
=
=〈Ad(A−1B)V ′, Ad(A−1B)W ′〉SL(2,C) = 〈V
′,W ′〉SL(2,C) =
=(gi)B·xi((dxiB)V
′
xi
, (dxiB)W
′
xi
).
Since PSL(2,C) acts on Xi transitively and by diffeomorphisms, gi is uniquely
defined.
By construction PSL(2,C) acts by isometries on both g1 and g2.
• The metric (gi)A·xi is the push-forward via βi of 〈·, ·〉|Di , i.e.
dAβi : (Di(A), 〈·, ·〉SL(2,C))→ (TA·xiXi, gi)
is a linear isometry for all A. Indeed, by equation (12), for all V,W ∈ mi,
(gi)A·xi
(
(dAβi)(dI2LA)(V ), (dAβi)(dI2LA)(W )
)
=
= (gi)A·xi
(
(dxiA)(dI2βi)(V ), (dxiA)(dI2βi)(W )
)
=
= 〈V,W 〉SL(2,C) = 〈(dI2LA)(V ), (dI2LA)(W )〉SL(2,C).
(14)
• Since β1 is smooth and β2 is holomorphic, one can easily see that g1 is Riemannian
and g2 is holomorphic Riemannian.
• We compute the sectional curvature of gi. Let V,W ∈ mi be orthonormal with
respect to 〈·, ·〉, then by Proposition 2.2 and equation (13) we have
− 1 = K(SpanC(V,W )) = 〈R
PSL(2,C)(V,W )W,V 〉 = −
1
4
〈[[V,W ],W ], V 〉 =
= −
1
4
〈RXi(Vxi ,Wxi)Wxi , Vxi〉 =
1
4
KXi(SpanC(Vxi ,Wxi)).
We conclude that (Xi, gi) has constant sectional curvature −4 and the proof follows.

References
[1] Bonsante, F.; El Emam C. On immersions of surfaces into SL(2,C) and geometric consequence
arXiv:2002.00810
10
[2] Dumitrescu, S. Métriques riemanniennes holomorphes en petite dimension. Ann. Inst. Fourier (Greno-
ble) 51 (2001), no. 6, 1663–1690. 53C56
[3] Dumitrescu, S.; Zeghib, A. Global rigidity of holomorphic Riemannian metrics on compact complex
3-manifolds. Math. Ann. 345 (2009), no. 1, 53–81. 53C56
[4] Kobayashi, S.; Nomizu, K. Foundations of differential geometry. Vol. II. Reprint of the 1969 original.
Wiley Classics Library. A Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, 1996.
xvi+468 pp. ISBN: 0-471-15732-5 53-01
[5] LeBrun, C. R. H-space with a cosmological constant. Proc. Roy. Soc. London Ser. A 380 (1982)
[6] LeBrun, Claude. Spaces of complex null geodesics in complex-Riemannian geometry. Trans. Amer.
Math. Soc. 278 (1983), no. 1, 209–231.
[7] Lee, Dong Hoon The structure of complex Lie groups. Chapman & Hall/CRC Research Notes in
Mathematics, 429. Chapman & Hall/CRC, Boca Raton, FL, 2002. x+218 pp. ISBN: 1-58488-261-1
(Reviewer: M. Rajagopalan) 22-01
11
